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An approximate version o f the renormalized RPA-treatment for scattering o f nucleons on a 
hole nucleus is given, in which the shape resonances are treated according to a method of 
BALASHOV et al. In order to make the results more transparent we take into account the addi-
tional influence o f the non resonant part o f the single-particle continuum with the help of a 
separable particle-hole force. 

1. Introduction 

In a previous work 1 we have given the equations 
for the renormalized RPA-problem with inclusion 
of the single-particle continuum by extending 
Migdal's quasi-particle approach 2 to the continu-
um 3 . W e designed a model in which the so called 
nuclear-structure problem (only bound single-
particle orbits are included) was used as a zero-
order solution. In this model one could first solve 
the nuclear-structure problem with the full effective 
particle-hole force. The influence of the continuum 
was taken into account by approximating all matrix 
elements containing continuum single-particle 
states with a separable force so avoiding the original 
complicated Fredholm proplem. This is due to the 
fact that the Fredholm determinant degenerates for 
a separable force. The details as well as further 
references can be found in Refs . 1 , 3 . The model 
implied the asumption that the solution for the 
nuclear-structure problem is already a good ap-
proximation for the corresponding "bound-state" 
solution with inclusion of the single-particle con-
tinuum. But in some cases it is well known that one 
has to include single-particle resonances—for in-
stance the 1 d372-resonance in 1 6 0 — in order to 
obtain a satisfactory solution for the nuclear-
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structure problem. W e have been able to overcome 
this difficulty b y applying the method of GARSIDE 
and MACDONALD4'5. But it turns out that the re-
sulting equations are rather complicated, so one 
might try an approximate treatment by th° use of 
a "resonant approximation" for the resonant single-
particle states6 , 7 . W e will give in the second section 
the relevant definitions and approximations needed 
in such an attempt. The resulting equations are 
derived in the third section. In order to make 
the structure of the problem more transparent a sol-
vable model is presented in the fourth section, in 
which all matrix elements containing non resonant 
continuum single-particle states are approximated 
by a separable force. We will restrict ourselves to 
the case of one shape resonance only, since the 
generalization to several channels can be achieved 
easily by following the same road as in the one 
channel case. 

2. General RPA-Formalism and the Definition 
of the Resonant Approximation 

In Ref. 1 the following equation for the particle-
hole amplitude was obtained8 (A; 1.12): 
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over the discrete variables as well as integration over 
the continuum variables. 
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Here QVßt m is the quasi-particle-hole amplitude: 

Qvh.M: = (zrZ/*)~1/2<0 | vlVr | M}, (II.2) 
where tp^ and ipß are the Schroedinger creation— 
and annihilation operators, respectively, of a nu-
cleoli with the quantum number set /x defined by a 
suitable shell-model hamiltonian. For continuum 
wavefunctions we choose the standing wave bound-
ary condition. The z'v s are Migdal's renormalization 
constants2; 2tz I is the renormalized particle-hole 
matrix element. By | My we denote a scattering state 
as well as a bound state | By. Since we assume the 
target nucleus to be a closed shell nucleus plus 
one quasi-hole, we can specify the scattering 
state | Sy by the quantum number set ko (= eko, 
jko, h0, ™>k0, h0) of the incoming particle plus the 
quantum number set jo of the corresponding qua-
sihole. Hence | Sy means more explicitely | S; ko, joy. 
With nv we denote the quasiparticle occupation 
number for the state v with respect to the ground-
state | 0> of the compound-nucleus. The zero-
point of the energy is chosen to be ground state 
energy of the compound nucleus. 

One knows6,7 that within the range of the single-
particle potential the continuum wave function 
| jpiy in the r e s o n a n c e channel | can be represented 
in the vicinity of an isolated pol by 

|p>^C(£;p)|£> for f = 1, 0 < £ ; p < £ m a x , (II.3) 

with | £> = 1. Here, with ft, | etc. we specify 
the channels—for instance ft: = jp,lp, tp. C(ep) 
has the following structure: 

The details for obtaining | £> and C (ep) can be 
found in Ref.7. 

Our goal is to replace the continuum states | p> 
by the quasibound state 1 a n d furthermore to 
treat amplitudes with the index f similarly as 
amplitudes specified by true bound states. In the 

9 One m a y also use modified continuum wave functions 
| c> constructed orthogonal to | £>1 0 . 
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original problem we can distinguish three different 
particle-hole states: 

(v,ju) = {(r,i);(i,r) | (p,i); (i,p) | (c,i); (i,e)}. (II.Ö) 

Here i characterizes hole states, r true bound 
states and c continuum states not belonging to the 
class defined by (II.3). In the new problem we want 
to deal with a new classification given by9 

(y,fi) = {(r,t); M \ (£,i); (ij) | (c,i); (i,c)} . (II.6) 

In order to have a clear distinction we will label the 
particle-hole amplitudes, matrix elements etc. in 
the new classification by ~qao,m, I etc. Since in the 
second term of (II. 1) only the wave functions 
within the range of the particle-hole force are 
needed we can insert there the quantities according 
to the new classification. We obtain then for the 
relevant term ((v/u) according to (II.6)!) 

(aX) 6 (p,i) i 
+ Iv^fii Af} , (II.7) 

with11: 
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$ C * ( e p ) d e p K i . ( I I . 8 ) 
ö 

We have to be mindful of that Eq. (II. 1) does not 
apply a priori to ~Q$O,M since | £> is not an eigenstate 
of the shell model hamiltonian. In the next section 
we are going to derive the equations for these quan-
tities. 

3. RPA-Equations 
in the Resonant Approximation 

Using (II.7), (II.8) and (II.3) we can rewrite (II. 1) 
as follows 

~Qvß, M = EM + Eß^l_ni^-_-n-) {M? Kv Öloß ÖM, S 

+ 2 71 Dvtl2'lvanxQAa,M} , (ULI 
a I 

with 
fl (v,p)${p,i); (i,p), 

DVß: = C(e„) vep, (III.2) 
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Here, the quantity I g is labelled according to (II.6). 
We can distinguish three possibilities for | M): 

a ) | M>=\B>. 

From (II.3) we deduce the following relations: 

\QV»,B (V/U)$(p,i);(i,p), 
QVU,B — | C(EV) Q$U,B VEP, (III.3) 

[C{eß)gv^B f*Ep. 

Insertion of (III.3) into (III . l ) gives the following 
equat ion for QVP,B '• 

gvn,B = (% — nv) /„/ (Eb) vn 
al 

Ivan/.~Qto,B- (HI.4) 

If either v or /JL is equal to £ this equation is obtained 
by multiplying (III . l ) with C(e v ) and integration 
over the energy. Hence we have the following de-
finitions for Z" 1 (T = Tj below threshold)11: 

FT1 (EB) • = {EB + EN — £V — IR} (NV — %)}-! 

for (v,/i)*{M; ( » , ! ) , (III.5) 

tp) 
Af + T2/4 

+ £ß — Ep + i V 

^ j Eb + E » - Sies - A + y + £ß 

f-HF f d £ W r ( £ f FVA(EB).= J 

(III.6) 
- l 

(eP ~ eTes - A f + 7^/4 
1 

Eß + ep — ev — i r ] ( H I 7 ) 

l 
~ j Eb + £res + A - £ r - y - £„) ̂  

If approximation (II.8) is not valid one has to re-
place g in (III.4) by N g . 

b) | My = | sy = [ s , k 0 j 0 y with h $ P . 

The equation for these amplitudes can be derived 
in the same manner as in the preceding subsection. 
We get: 

Qvß.s = (% — nv) {dk0vdj0ß 
1 vOß\ g?.o,s} • (III.8) 

al 

c) \ M y = \ S y = \S, k 0 j 0 y With k0 = p 0 e p . 

The scattering state was defined b y 3 

I <S> = (zjozPo)~^ EaJS + ir, < ^ I °> ' ( I I L 9 ) 

therefore it seems reasonable according to our as-
sumptions to approximate the scattering state in 

the interior (localized state) by 

\ s L y * C ( e P 0 ) \ s y , ( 1 1 1 . 1 0 ) 
with: 

\ s y : = ( z j 0 E s - H + i r , v i .V* I 0>. (III . l 1) 

Since 1 i s concentrated in the interior it should 
be sufficient to treat | S y . If neither r or /u belongs 
to p one obtains, 

fa,8= ( % — n v ) Kß1 { E s ) 2 2 7 1 ivaßK Q i o , s ( H I . 1 2 ) 

If—for instance—v belongs to p we get from Eq. 
( I I I . l ) : 

Qpi,s = ( n i - n p ) j öijQ<P I vo) 
C(ep)C(sp0) + Es + Si — ep + irj 

s J - .1 . (111 .13) 
ai 

In the interior now the following replacement holds: 

gPi,s t*t C(Ep)g = C(ep) C(epo) 'g&'s- (HI.14) 

Furthermore, since we are only interested in the 
interior region we can insert instead of <p \ p o ) the 
following expression: 

<p\poyL^C(e p )C ( s P o )d , S o . (III.15) 

The quantum number set £(|o) coincides with the 
quantum number set p ( p o ) if we exclude the energy 
(<£ | I ) = 1). Use of (III.14) and (111.15) leads to : 

hi,S= <5«0 + ffi1 (Es) 2 2 ^ hotx Qla's • ( I I I . 1 6 ) 
al 

Analogously we get: 

q i a = - 2 7 t f ü 1 ( E s ) 2 2 * I i < M Q * ° " s - (HI.17) al 

Equations (III.4), (III.8), (111.12), (111.16) and 
(III. 17) provide the system of equations necessary 
for the RPA-treatment with inclusion of the con-
tinuum. The transformation to the original pro-
blem is formally given by Eq. (III. l) . 

In the next section we are going to derive a 
model in which all matrix elements containing 
single-particle states | c ) are approximated by a 
separable interaction. 

4. Model Equations 

We can split off the sum over quantum numbers 
in our equations in two terms, where the first sum 
contains only the summation over bound or quasi-



bound states. In the second sum we replace the (UVß is an arbitrary function of v and /u): 
matrix elements by separable ones i .e . : Üvß = 2 (ÜTi + Üir) + 2 + > (IV.3) 

£ 71 1 vafia. — xwVßw aa. » (IV. 1) 

so obtaining: 

v/x ri Hp 

2" üvß = + &«). (iv.4) 
2N 2 IVOßA.QA.O,M — IVOIIOLQOLO.M Insertion of (IV.2) into Eq. (III.4) leads to the 

CTa CTa following eigenvalue problem: 
+ ( I V . 2 ) . ~ 

aa 2, l̂ '-ff/UA + — OvlOoiihiB) QXa,B = U 
Aa 

where the restricted sums are defined as follows for vju^(ci); (ic), (IV.5) 

where we have introduced the following abbreviations: 

V.: - A 2 " I w„ I• ( , , - „,) EB + ^ _ • (NR _ N>). (IV.6) 

M £ : = I7b 2 ' ( " « - » » ) I » V I 2 . (IV.7) with HJJ : = 2 ' exa.B • ( I V . l l ) 
a/3 aX 

ÄVAIU: = (nß-nv) 2TZ IVAßX-Öxvdaß(fvli (EB)-EB), Equation (IV.5) provides a matrix equation which 
( j y g) may be solved by iteration. For 71—> 0 and X —>• 0 

we get the standard nuclear structure problem 
UB WaßAzoßx which might be used as the starting of the iteration 

C„„„i'. — (nu — nv) X Wvu EI —T7~~\ ^— (IV.9) procedure. Above threshold one will obtain com-' i B ( l - t B ) - A f f l B , - 1 1 , r TT 

plex energy eigenvalues due to presence of Ub 
The amplitudes with one index belonging to the (even if 0). Since we have removed the shape 
continuum are given by : resonances it should be easy in a practical calcu-

— nv) XW D 1 lation to interpolate Ub as a function of E. When 
~~ EB + — EV — irj(nv — n„) V(1 B 1 — ÜB' one has solved the eigenvalue problem (IV.5) the 

(IV. 10) amplitudes containing continuum single-particle 
states | c ) can be obtained from (IV. 10). 

The subcase b) can be treated in a similar manner. Due to the inhomogenous term in Eq. (III.8) we get 
the following inhomogenous matrix equation: 

2 ' {Avaßx + - bvX öaß Es} QXC,S = dl°J»'S for (vp) $(c,i); (i,c) . (IV.12) 
ol 

with : 

fyu.a, = _ _ Wy) (w.o _ njfc>) wvß Wkojo Es(1_uSs)_ims • (IV.13) 

The amplitudes with one continuous index are given b y : 

evß,s = (nß - ra„) {dkoV öjoß + E s + E ß _ _ n ß ) -jzz-j^ [Bs + Wkoio]} for vfie(c,i)-, (i,c) . (IV.14) 

Since d is non zero one has in this case only to invert a matrix of finite dimension to obtain the solution. 
As expected these solutions have resonances for Es — ReJ^B-

I f the incoming particle belongs to the class p the inhomogenous term occurs in the Eq. (III. 16) for 
Qgijs and not in QCi~s as in subcase b. For this reason we get a different inhomogenous term in comparison 
with (IV.12). One obtains: 

2 ' {ÄiMX + ci^-d,xd„ßEs}Qxa;s = D?P''S for V/J,$(C,i); (i,c). (IV.15) 



with 

=C' - l . <«o, { v + ^ r i ^ - t 
The equivalent relation to (IV. 14) turns out to be 

rin — n D's 
zr^j * Wrn I-Us f o r ^ ^ e (c ^ ' ^ ^ (IV.17) 

Both solutions have as in the former case resonances for E s - > R e £ ß . 
The final solution according to the classification (II.5) can be obtained for the bound states | B ) with 

the help of the relations (III.3). In the scattering problem we get approximately for the case ko £ p: 

Qvu,s 

Qvß,s (v/u)e(r,i); (i,r), 
C(£v)()sn,s vep, 
C(eM) fas ywep, 

^vko 6 »io + Ba + e, -e,~-il(nr - » , ) A W>» T~Üs ^ + (v fi) e (ci); (ic) 

(IV.18) 

If ko = po e p one can derive the following relations using ( III . l ) , (III.10), (III.12), (III.16) and (III.17) 

n» — nv X Wvn Ds C (ePo) 

Qv(i,S = 

Es + eß — ev — i t] (nv — nß) 

C(eP0)C(ev) Qits 
s s _1_ C(ep)0C(EP) 
Opvo "ijo "T" 

1 - UZ 

KPPo 110 1 [Es+ si-ep+it] 

(V/A) e (c,i); (i,c), 

(VJu)e(r,i); (i,r), 
v = i , fi = p, 

Lh (Es) 
s 

(IV.19) 
T / IT! \ * /f0/0 K^S) s c 
J Z i ( t i s ) Q$i i S l^Us j o i Ifo V = P. P = 

The second and third relations in (IV.18) and the third relation in (IV.19) are valid only in the interior. 
From (IV.18) and (IV. 19) the wanted expressions for the $-matrix and the T-matrix can now be read 

off. After reinserting the single-particle phase factors taken out by using standing wave boundary condi-
tions, one obtains: 

Ski.* ojo (m = exp {2 i < U <5tto 6ih - 2 71 id (Ekojo - E) Tkikojo (E), 
with 

Tjci.koio (E) • = A Wki j - Us [Ds + Wkojo] exp {i (dko + dk)} for k<£p,k0<£p, 

Tpi,koio(E): = C ( 8 P ) QH,S*xP {»'(£*, + dp)} fH{E) for k = p, k0$p, 

Tki,pojo[E): = X Wki D~sC(ep0) exp {i(dk + öp o ) } for k$p, ko = po&p. 

Tpi,pojo(E): = C(epo) C(ep) \fH(E) - fhh(E)] exp {i(dpo + 6P)} 

for k = p , ko—poEp. 

(IV.20) 

(IV.21) 

(IV.22) 

(IV.23) 

(IV.24) 

For Es = £p — et and ep -> e r e s + A the $-matrix does not possess—as expected—single-particle re-
sonance, since (IV.20) takes the following form 

1 , (IV.25) 

where we have supressed the (5-function of energy. 

5. Summary 

A model for calculating the nucleon-nueleus 
scattering on one-hole type nuclei has been settled 
down in the framework of the renormalized R P A -

theory, in which the shape resonant shell model 
states have been treated approximately as bound 
states. With a separable ansatz for the remaining 
continuum matrix-elements we have been able to 
derive a system of equations, which can be solved 



up to integrations over known nonresonant func-
tions by standard matrix methods.12 
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The intensity of the (00) beam of a (111) surface of A g has been measured with a Faraday 
cage as a function of the energy of the incident beam (10 < E < 280 e V ) , the grazing angle of 
incidence (46.5° < cp < 83 .5 ° ) , two azimuths differing by 180° , and the temperature. The / vs E 
curves, when compared with data for A g ( l l l ) of other workers who have used different methods 
of surface preparation, show good agreement in the structure over the whole range of incident 
angles, indicating that LEED is not strongly sensitive to surface condition. The / vs E curves for 
the two azimuths are identical, a necessary result of the reciprocity theorem. For comparison with 
the / vs E structure, a complete 3-beam geometric model is used. This differs from a simple Ewald 
construction in that it considers also the Bragg conditions between intermediate beams and the 
final beam. It also requires that there be no difference in the effect of intermediate forward and 
backward scattered beams. It is shown that the number of possible beams is much too large even 
at low energies to make positive identification of any structure in the / vs E curves. A comparison 
with a rigorous multiple-scattering theory yields agreement in the number and position of peaks, 
but not in heights and widths of peaks. The possibility of comparison of absolute intensities in 
theory and experiment is investigated and an attempt is made to remove the major differences. 
Intensity vs temperature measurements are made at closely spaced energies in order to extract the 
rigid-lattice scattering. Correction of this intensity for surface plasma losses leads finally to maxi-
mum scattered intensities of 2% at 100 eV, 10% at 60 eV, and up to 40% at energies below 20 eV. 

Although much of the experimental work in low-
energy electron diffraction has dealt with the effect 
on the diffraction of some change in the surface or 
its condition, such as adsorption or reconstruction, 
lately there have appeared a number of papers deal-
ing with the diffraction process itself at simple crys-
tal surfaces. The data are generally presented in the 
form of intensity versus energy ( / vs E) curves for 
particular b e a m s 1 - 3 or sometimes as rocking cur-
ves4 or RENNINGER (rotation) p l o t s 4 - 6 . Under-
standing these intensities of the diffraction of slow 
electrons is the goal of the main theoretical effort. 

Reprints request to Fritz-Haber-Institut der Max-Planck-
Gesellschaft, D-1000 Berlin 33, Faradayweg 4 - 6 . 
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This effort can be roughly divided into two groups; 
rigorous theories and simpler phenomenological 
models. 

Of the simple models 2 - 4 , all have dealt only with 
the structure observed in the / vs E curves, and 
have made no attempt to deal with the magnitude 
of the intensities. They are based on the geometry 
of the diffraction in either a multiple-beam or band-
structure picture. Rigorous theories, on the other 
hand, calculate the diffracted intensity resulting 
from an infinite plane wave falling on a perfect, 
laterally semi-infinite model crystal using methods 
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