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An approximate version of the renormalized RPA-treatment for scattering of nucleons on a
hole nucleus is given, in which the shape resonances are treated according to a method of
BavasHov et al. In order to make the results more transparent we take into account the addi-
tional influence of the non resonant part of the single-particle continuum with the help of a

separable particle-hole force.

1. Introduction

In a previous work1 we have given the equations
for the renormalized RPA-problem with inclusion
of the single-particle continuum by extending
Migdal’s quasi-particle approach? to the continu-
um3. We designed a model in which the so called
nuclear-structure problem (only bound single-
particle orbits are included) was used as a zero-
order solution. In this model one could first solve
the nuclear-structure problem with the full effective
particle-hole force. The influence of the continuum
was taken into account by approximating all matrix
elements containing continuum single-particle
states with a separable force so avoiding the original
complicated Fredholm proplem. This is due to the
fact that the Fredholm determinant degenerates for
a separable force. The details as well as further
references can be found in Refs.1,3. The model
implied the asumption that the solution for the
nuclear-structure problem is already a good ap-
proximation for the corresponding ‘“bound-state”
solution with inclusion of the single-particle con-
tinuum. But in some cases it is well known that one
has to include single-particle resonances—for in-
stance the 1dge-resonance in 160—in order to
obtain a satisfactory solution for the nuclear-
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structure problem. We have been abic to overcome
this difficulty by applying the method of (ARSIDE
and MacDo~NaALD4:5. But it turns out that the re-
sulting equations are rather complicated, so one
might try an approximate treatment by the use of
a “‘resonant approximation” for the resonant single-
particle states6:7. We will give in the second section
the relevant definitions and approximations needed
in such an attempt. The resulting equations are
derived in the third section. In order to make
the structure of the problem more transparent a sol-
vable model is presented in the fourth section, in
which all matrix elements containing non resonant
continuum single-particle states are approximated
by a separable force. We will restrict ourselves to
the case of one shape resonance only, since the
generalization to several channels can be achieved
easily by following the same road as in the one
channel case.

2. General RPA-Formalism and the Definition
of the Resonant Approximation

In Ref. 1 the following equation for the particle-
hole amplitude was obtained 8 (A; 1.12):

5 L.GarsipE and M. WEIGEL, Phys. Rev. (C)2,}374 (1970);
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In this paper we are using the same notations and de-

finitions as in Ref. 1. We refer to Ref. ! as A, so that

(A; I.1) means Eq. (I.1) of Ref. 1. 2 means summation
ol

over the discrete variables as well as integration over
the continuum variables.
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Here 9,4, m is the quasi-particle-hole amplitude:

éyu’M: = (Z,Zu)_l/z <O | 1/)2; 'lpp | M> ) (11.2)

where ] and y, are the Schroedinger creation—
and annihilation operators, respectively, of a nu-
cleon with the quantum number set x defined by a
suitable shell-model hamiltonian. For continuum
wavefunctions we choose the standing wave bound-
ary condition. The z, s are Migdal’s renormalization
constants?; 2 I is the renormalized particle-hole
matrix element. By | M) we denote a scattering state
as well as a bound state | B). Since we assume the
target nucleus to be a closed shell nucleus plus
one quasi-hole, we can specify the scattering
state |S> by the quantum number set ko (= ¢k, ,
Jkos Uky> Mk, tk,) Of the incoming particle plus the
quantum number set jo of the corresponding qua-
sihole. Hence | S) means more explicitely | S; ko, jo)-
With n, we denote the quasiparticle occupation
number for the state » with respect to the ground-
state | 0> of the compound-nucleus. The zero-
point of the energy is chosen to be ground state
energy of the compound nucleus.

One knows 6,7 that within the range of the single-
particle potential the continuum wave function
| p> in the resonance channel £ can be represented
in the vicinity of an isolated pol by

lp> NC(8P)|E> fOI' ﬁzgi OgepgamaXy (II3)

with (& | &) = 1. Here, with p, & etc. we specify
the channels—for instance p: = jp, Iy, tp. C(ep)
has the following structure:

I'(ep))27 |
(Sp—sres—A)2+F2/4} ’
The details for obtaining |&) and C(ep) can be
found in Ref.7.

Our goal is to replace the continuum states| p)
by the quasibound state |&) and furthermore to
treat amplitudes with the index & similarly as
amplitudes specified by true bound states. In the

Clep): =

(IL4)

9 One may also use modified continuum wave functions
| ¢> constructed orthogonal to | )10,

10 H. L. Wanxa and C. M. SHAKIN, preprint (subm. to Phys.
Letters).
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original problem we can distinguish three different
particle-hole states:

@, p) = {(r,0); (5,7) | (p.9); (5, p) | (c,9); (G,0)} . (IL.5)

Here ¢ characterizes hole states, r true bound
states and ¢ continuum states not belonging to the
class defined by (IL.3). In the new problem we want
to deal with a new classification given by?

w ) = {(r,9); (5,7) | (€,9); (5,6) | (c,9); (3,0)} .

In order to have a clear distinction we will label the
particle-hole amplitudes, matrix elements etc. in
the new classification by 014, m, I etc. Since in the
second term of (IL.1) only the wave functions
within the range of the particle-hole force are
needed we can insert there the quantities according
to the new classification. We obtain then for the
relevant term ((vu) according to (I1L1.6)!)

> TIourfre,m ~ 2 N¢ {Tyipe 020, M
(od) € (p,i) 1

+ Iyeui 0ig, M},

(IL.6)

(IL.7)

with11:
N:= | C2(ep)depar 1.
0

(IL.8)

We have to be mindful of that Eq. (IL.1) does not
apply a priori to ggs, »r since | &) is not an eigenstate
of the shell model hamiltonian. In the next section
we are going to derive the equations for these quan-
tities.

3. RPA-Equations
in the Resonant Approximation

Using (I1.7), (I1.8) and (IL.3) we can rewrite (II.1)
as follows

- (my — ny) .
oM = g :v i {tn Okyr Oju Om, s
+ 27 Dy > Tyoua 0o, M} > (IIL.1
ai
with
1 v, ) ¢ (p,0); (4, p)
D‘p/‘: = C(Ev) vED, (1112)
C(ey) pep.

11 C. MarAUX and H. A. WEIDENMULLER, Shell-Model
Approach to Nuclear Reactions, John Wiley, New York
1969, p. 82.
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Here, the quantity i o is labelled according to (IL.6).
We can distinguish three possibilities for | M) :

a) |My = | B).
From (I1.3) we deduce the following relations:

Ovu,B ) (v ) & (p,0): (2, p),
O(es) 0suB vED,
Cleu)0ve,e pED-

Insertion of (IIL.3) into (III.1) gives the following
equation for g, p:

— ) [, (E) >
oA

OB = (I11.3)

évu,B = (nu 2z jrau}. éAG,B- (III-4)
If either v or u is equal to & this equation is obtained
by multiplying (ITI.1) with C(ep) and integration
over the energy Hence we have the following de-
finitions for f,,” = 7 below threshold)11:

fm (EB): = {EB+8 — &y — 10 (ny — ny) } 1
for (v, u) + (£,9); (3,), (IIL.5)
- d ul
f&! (Ep): zj ép ((ep _eTiEI;_I) e I?4
1
P ——- +in‘) (I1L.6)

R‘«’{EB + Eu — Eres — A + ’;"[‘(EB + 6‘;4) }_.1

. dep I'(ep)
B): = j’é? (’(e;— eres — A)2 + 12/4

It (B
- E—H—spl_s —) (ITL.7)
w{Ea%— eres+ A — &y — ; I'(Ep— ew)}_.l
If approximation (II.8) is not valid one has to re-
place o in (II1.4) by N p.
b) | M) =|8) =|8,kojoy with koép.

The equation for these amplitudes can be derived
in the same manner as in the preceding subsection.
We get:

0,5 = (M — M) {0k Ojou
+ [l (Es) > 27 Tyouspao,s} -  (IIL8)
oi
¢) |M)=|[S)>=8 kojoy with ko=pocp.
The scattering state was defined by3

9=t

. iy
i) M2 g g iy WheWie| 0, (TTL9)

therefore it seems reasonable according to our as-
sumptions to approximate the scattering state in

M. WEIGEL

the interior (localized state) by

| 81> &~ Cleye) | 8D (IT1.10)

with :
3 i
|85 = (@ig2e) V2 =g iy ¥hewio| O (TIL1D)

Since | &) is concentrated in the interior it should
be sufficient to treat |S> If neither » or u belongs
to p one obtains,

On, s = (M — M) fﬂl;ll (Es) z 2n ivaul 00,5 (II1.12)
ok

If—for instance—w» belongs to p we get from Eq.
(III.1):

Opi,s = (ni — myp) {51‘;'., {p| poy

C(ep) C(ep0). |. (II1.13)
T Bt e—eptin %If"“@’l" |

In the interior now the following replacement holds:

0pi,s ~ C(ep)0 &1,5 = C(ep) C(ep0) 0g1,5. (I11.14)

Furthermore, since we are only interested in the
interior region we can insert instead of {p|po) the
following expression:

{p|poyL ~ C(ep) Cep,) Ose, -

The quantum number set &(&p) coincides with the
quantum number set p(po) if we exclude the energy
(C€| & = 1). Use of (I11.14) and (II1.15) leads to:

(IT1.15)

0ei3= 0ijyOso + 11 (Bs) > 2 Ieoi 20,5 (IIL16)
ci
Analogously we get:
Oies=—2m fAﬂsl (Es)> 2 IAwsA Oa0,5. (IIL.17)
73

Equations (II1.4), (IIL.8), (III.12), (IIL.16) and
(II1.17) provide the system of equations necessary
for the RPA-treatment with inclusion of the con-
tinuum. The transformation to the original pro-
blem is formally given by Eq. (III.1).

In the next section we are going to derive a
model in which all matrix elements containing
single-particle states | ¢) are approximated by a
separable interaction.

4. Model Equations

We can split off the sum over quantum numbers
in our equations in two terms, where the first sum
contains only the summation over bound or quasi-
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bound states. In the second sum we replace the
matrix elements by separable ones i.e.:

2x I:'awx =1 Wm Waa ’ (IV-I)
s0 obtaining:
2n Z fmua éow,M = 27!2’ imua@au.M

+ )» Wm Z“ I,/ilaoc éao’,M ) (IV-2)

o

where the restricted sums are defined as follows
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(Uyy is an arbitrary function of » and u):

D U0mu=2On+ UOu)+ 2 (Ou+ Ow), (IV.3)

ri iép

Z” Uvu = Z (Uci + Uci) .

ci

(IV.4)

Insertion of (IV.2) into Eq. (III.4) leads to the
following eigenvalue problem:

Z’ {gvou). + éﬁﬂz — 61'). (so'u EB} éﬂ.o,B =0
Ao

where we have introduced the following abbreviations:

UB: = }.Z”| Wvu |2(nu
vu

mp: = Ug >’ (ny—ng) | Wga|2,  (IV.7)

af
x‘i\muzi = (nu_"v) 2n I;auz—élv 6.;,, (f:m (EB)"'EB),
(IV.8)

UB Z' Waﬂ x‘i\adﬁi.

6’57;4}.: s (n” = ’ﬂll) A Wvﬂ EB(luﬂ— Un) — Amg (IV9)

The amplitudes with one index belonging to the
continuum are given by:

- o (ny — ny) T ¥17
Ovu,B = o1 Ex —e,.—i'r](n,—n,,)l WiuDp 1—Ug’

(IV.10)

for vué(ci); (ic), (IV.5)

: V.6

) B T e — o — i — )’ e
with Dp:=3"Ws010,8- (IV.11)

ol

Equation (IV.5) provides a matrix equation which
may be solved by iteration. For /'—0 and 1 — 0
we get the standard nuclear structure problem
which might be used as the starting of the iteration
procedure. Above threshold one will obtain com-
plex energy eigenvalues due to presence of Up
(even if I'— 0). Since we have removed the shape
resonances it should be easy in a practical calcu-
lation to interpolate Upg as a function of E. When
one has solved the eigenvalue problem (IV.5) the
amplitudes containing continuum single-particle
states | ¢) can be obtained from (IV.10).

The subcase b) can be treated in a similar manner. Due to the inhomogenous term in Eq. (II1.8) we get

the following inhomogenous matrix equation:

> {Avoun + 05,1 — 092004 Bs} pao,s = dkioS for (vpu) ¢ (c,4); (isc) -
al

with:

Jkojo.S
070,58 — ___
dfeio.d: =

}b(nu = ni’) (njn - nka) WW‘ I/f/'ka]'o

(IV.12)

Es
Es(1 —Us)— Ams ~

(IV.13)

The amplitudes with one continuous index are given by:

AWou

1

ors = (mu— 1) Ot juu + G oo i =g T= U (D5 Wi} for vue(e,i); (G,c). (IV.14)

Since d is non zero one has in this case only to invert a matrix of finite dimension to obtain the solution.
As expected these solutions have resonances for Es = Re Eg.

If the incoming particle belongs to the class p the inhomogenous term occurs in the Eq. (II1.16) for
0&i,5 and not in pg; s as in subcase b. For this reason we get a different inhomogenous term in comparison

with (IV.12). One obtains:

>’ {fi\ﬁmz + 657,“1 — 032064 Es} 0io,5 = a\fﬂj°"§

vi

for v u ¢ (c,7); (i,c). (IV.15)
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with
TEodo. S AUS Wou Weojo
df'&]o,s: ( - nll) on]o (ES) 1 670;1 6750 + Es(l s_ U:) — ;mS . (IV16)
The equivalent relation to (IV.14) turns out to be:
5 Ny — Ny D ;
Qwu,§ = m::r_—@ FTEm—— A Wm T — for (vu)e(ci); (ic). (Iv.17)

Both solutions have as in the former case resonances for £s — Re Ep.
The final solution according to the classification (II.5) can be obtained for the bound states | B) with
the help of the relations (III.3). In the scattering problem we get approximately for the case ko ¢ p:

é"ﬂ,s (v,u) € (T,’l:); (i,T) ’
i C(&) oeu,s vED,
Oru,s = 1C(ey) Ove,s MHED, (IV.18)
(N — my) g
6vk06,“jn + E;_P;“::v_zn(ny_n )AWWI 1= U [DS+ Wku,’m] (v,u)e(c’b); (’I/C).
If ko = po € p one can derive the following relations using (III.1), (III.10), (ITI.12), (III.16) and (II1.17):
Ny — Ny }» WwD5 C(SPO) g
Es+8”_€v_in(ny_n“) Al_Ub ( )E(C,’L) (96):
- C (epo) Ouu, 8 (vp) € (r,2); (3,7)
o, S = .
. C (ep,) C(&p) gié,(g > v ? i . =1, (IV.19)
£ Jo (£s) .
6ppo‘5iio+m+m féz Es) 0ei,5 — 15 (LU~ ~0jyi Oce, Y=7Ps HP=¥s

The second and third relations in (IV.18) and the third relation in (IV.19) are valid only in the interior.

From (IV.18) and (IV.19) the wanted expressions for the S-matrix and the 7-matrix can now be read
off. After reinserting the single-particle phase factors taken out by using standing wave boundary condi-
tions, one obtains:

Skikojo (B) = exp {21 0y,} O, 0ij, — 201 0 (B — E) Ty oo (B) (IV.20)
with
Thikoio(B): = AWii y— py [Ds + Wiyjo] exp {i (0, + 0p)} for kép ko¢p, (IV.21)
T pi,kojo(B): = C (£p) 0¢i,5 €xp {i (0, + 0p)} fei(E) for k=p, ko¢p, (IV.22)
Tripojo(B): = AWy — i— D.s C (&p,) exp {i (0 + 0,,)} for k¢ p, ko = poep, (IV.23)
i B): = Ceye) € o) [Fes B 5 — 12" 5 Fuia B €30 (3850 + 8,0} (IV.24)

for k=p, ko= poep.

For Es = ¢p — & and ep — eres + A the S-matrix does not possess—as expected —single-particle re-
sonance, since (IV.20) takes the following form

2 F/27‘[ ep — eres — A) 4+ 1/21T']
6 I~
62t |1 427 e L+ SIEY (IV.25)
where we have supressed the d-function of energy.
5. Summary theory, in which the shape resonant shell model

states have been treated approximately as bound

A model for calculating the nucleon-nucleus states. With a separable ansatz for the remaining
scattering on one-hole type nuclei has been settled continuum matrix-elements we have been able to
down in the framework of the renormalized RPA- derive a system of equations, which can be solved
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up to integrations over known nonresonant func-
tions by standard matrix methods.12

12 Tt was shown recently that one can also use Weinberg’s
method for the treatment of the continuum-continuum
interaction in the unrenormalized RPA-scattering pro-
blem 13,

13 J. N. GivoccHIo, T. H. ScHUCAN, and H. A. WEIDEN-
MULLER, Phys. Rev. C 1, 55 [1970].
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Low-Energy Electron Diffraction from Ag(111):
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The intensity of the (00) beam of a (111) surface of Ag has been measured with a Faraday
cage as a function of the energy of the incident beam (10 < E < 280 eV), the grazing angle of
incidence (46.5° < @ < 83.5°), two azimuths differing by 180°, and the temperature. The I vs E
curves, when compared with data for Ag(111) of other workers who have used different methods
of surface preparation, show good agreement in the structure over the whole range of incident
angles, indicating that LEED is not strongly sensitive to surface condition. The I vs E curves for
the two azimuths are identical, a necessary result of the reciprocity theorem. For comparison with
the I vs E structure, a complete 3-beam geometric model is used. This differs from a simple Ewald
construction in that it considers also the Bragg conditions between intermediate beams and the
final beam. It also requires that there be no difference in the effect of intermediate forward and
backward scattered beams. It is shown that the number of possible beams is much too large even
at low energies to make positive identification of any structure in the I vs E curves. A comparison
with a rigorous multiple-scattering theory yields agreement in the number and position of peaks,
but not in heights and widths of peaks. The possibility of comparison of absolute intensities in
theory and experiment is investigated and an attempt is made to remove the major differences.
Intensity vs temperature measurements are made at closely spaced energies in order to extract the
rigid-lattice scattering. Correction of this intensity for surface plasma losses leads finally to maxi-

mum scattered intensities of 2% at 100 eV, 10% at 60 eV, and up to 40% at energies below 20 eV.

Although much of the experimental work in low-
energy electron diffraction has dealt with the effect
on the diffraction of some change in the surface or
its condition, such as adsorption or reconstruction,
lately there have appeared a number of papers deal-
ing with the diffraction process itself at simple crys-
tal surfaces. The data are generally presented in the
form of intensity versus energy (I vs E) curves for
particular beams!™3 or sometimes as rocking cur-
ves? or RENNINGER (rotation) plots~¢. Under-
standing these intensities of the diffraction of slow
electrons is the goal of the main theoretical effort.
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This effort can be roughly divided into two groups;
rigorous theories and simpler phenomenological
models.

Of the simple models 274, all have dealt only with
the structure observed in the I vs E curves, and
have made no attempt to deal with the magnitude
of the intensities. They are based on the geometry
of the diffraction in either a multiple-beam or band-
structure picture. Rigorous theories, on the other
hand, calculate the diffracted intensity resulting
from an infinite plane wave falling on a perfect,
laterally semi-infinite model crystal using methods
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